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AfMtwacl  - Cousidcr the problem of comprcssiug
a uuiformly  quautiwxl  IID soure.c.  A tradit ional  alJ-
~Jroacll is to assigu  variable lcugtll  codewords to tllc
qmmtizcr out]mt symbols or groups of symbols (c..g.,
Huffmau  coding). IIcrc wc ]nw])osc  au alternative so-
lution:  assig]]  a jimd kmglh l~iuary coclcworcl  t o  eaclI
outl)ut symbol  iu such a way tlmt a zero is more likely
thu a ouc  iu mwry codeword bit position. This rc-
duuda IIcy is thcu cxldoitcd usiug a block-adaptive l)i-
nrmy aritlunetic cucodcr to coml)rcss t h e  d a t a .  This
tcchuiquc is simple, has low overhead, and cau b{: usccl
as a progressive trausmissiou sysfmu.

1. lI;NCOIJING  I’ROCWDUW
A continuous source with probability density j(T) is quanti7,cd
by a uniform c]ualltizcr whose output symbols are mapped to
b bit  codcworcls. ‘1’lIc  first coclcworcl  bi t  indicates the sign of
tllc quautizcr  rccollstruct,ioll  l)oillt. Each successive bit gives
a furtbcr ICVCI  of resolution and is assigned so that zeros are
more concentrated near  tlIe origi]l. Figure 1 illustrates this
mapl~ing  for h = 4.
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h’ig. 1: ltxamI)lc  of a ldf and  codeword  assiglllnmlt  for  a f o u r  b i t
ur]iforlll qnantimr.

W7cassll  I] Ictllatj (z)issy~I~~llctricab o~lt z=O  and nonin-
crcasing with [ml so that lhc probability is more concentrated
near the origin. Such sources arc not uncommon in practice.
llccallsc  oft}[is assllrl]~~tioll,  tllc codeword  assiglllllclit  cnsu]cs
thata zero will bemorclikcly  than aonciu cvcry bit position.

Codewords corrcsr,olldillg to N adjacent source  sarnp]cs  arc
g r o u p e d  togctbcr.  ‘J’hc N sign bilsofthcc  odeword scqucncc
arc clicoclcd  using  a Llock-ada})tivc binary arithlnctic  cncodcr.
‘I IICII tbc! N next, most,  s ignif icant  bi ts  arc encoded,  and so
0 1 1 .  l;ach bit  scqueIIcc  is cllcoded indcpcndcmt]y  - at the itlI
stage the aritlll~]ctic  coder estimates the tlr~co?~dilior~all>roba-
bilitytllat thcitl, codeword  bitisamro.  ‘J’hiscanbcvicwcd
as asillll)lc }Jrogrcssivc  trallsl[lission systcnl-  each subsequent

codeword bit gives a further ]cvcl  of detail about the sc)urce.

‘J’bc obvious loss  is  that  wc lose the bcneflt of inter-bit
dc}~clldcncy.  lI;.g.,  tllc p r o b a b i l i t y  t h a t  the second  b i t  i s  a
zero is not in general indcpcndcnt  of the value of the first bit,
tbougll the  encoding l)roccdnre acts as if it were. IIowevcr,

lrJ1)c rcScarcI,  dcscr;l,cd  ill this  paper was performed at the Jct

}’ropulsiol)  l,aborsitory,  Califorl]ia  IIwlitutc  of ~’echllologyt u n d e r
contract  witlt tllc  Natiolud  Acrcn]au  tics  and S]mcc  Adrnilii strati  on.

for IIlany  sources (e.g.,  Gaussian and I,al)laciaIl), this 10SS i s
small ,  and this tcch~liclnc  often has lower redundancy than
}Iufflnancodiug,  bccausc thcarithmctic  codcr  is not required
tol)loducean o u t p u t  syl[~l]ol forcvcry illl~~ltsyll~bo].

‘1’tlc  independent trcatrnellt  of the codeword bits provides
S0111(  benefits. ‘1’IIc o v e r h e a d  rccluired  increases lilicarly in’
b. I\y contrast ,  t,cxausc  the number of  codewords is  2~, the

ovcrliead  of  block-adapt ive }Iuffman coding increases  cxpo-
IIel)tially in b unless  wc arc able to clcvcrly exploi t  additiolial
infollnation  about tbcsourcc [2].

11. Am?l[m;rrlc  lI;NCOI)IHt  OPERA’IION
A  bi,lary aritbrnctic  ellcoclcr  h a s  a  single l)aramctcr  J’, t]~c
anti< ipatcd l)robabi]ity  o f  a  zero. W C cncodc an N-length

scqu(ncc  of t,its blo(:li-ad  al)tivcly, i.e., the c]icodcr output  sc-
quc]lcc is prcccdcd  by overhead bi ts  that  ident ify to the dc-
codcl tllc value c,f 1 ’  being used. lly using log2N bits of
ovc]llcad,  we ccIuld s],ccify tlIe e x a c t  frccluellcy  of zcrosiu  the
Scclu(,  ncc,  but by usiltg fmvcr  bits we can exchange accuracy
forl(,werovcrhead.  lfTII overhead bits arm used, wecanse]cct
2 ’ ”  ]Irobabilitics {o1,PZ,...PZ,,,}  that can be used a s  v a l u e s
for 1’. ‘1’his  amounts  to  using line scgrncllts  to apl)roximatc
the I,inary  entropy fu]lction  [1].

OInitting  the rcn, aining details, wc find that for large N,
tonlinin~izcthc maxilnum rcdnndancy  ( including ovcrhcad)j
the ],robability values arc

‘1= ; [1 ‘-sin (z=’+ 2“’-2201
and the optilnal nulillmr  of overhead bits m is a~]proximatcly.

ntE; log2N+log2  T-1.

‘1’IIc cncodcr COUII(S  the IIn]nbcr of  zeros in  tbc i n p u t  sc-
quc]lcc to dctcr]nincs  t h e  p r o b a b i l i t y  illdcx i. Wc tra]lsnlit
m bits to idc]ltify  i, fo]lowcd  by tllc aritbmctic  e n c o d e r  ont-

put  scqucncc.  ‘J’hc  ellcodcr  and decoder both usc parameter
1’= p,.

111. l’E1tiUOILMANCI<;

I’hc rate R of the bit-wise arithmetic coder is approximately

A’X H(Q)-+ 7/..+;, [+ +log2m–;  +;log2N
1

h e r e  }l(Q)is  tllccllt rc)~~yof  tlicq~larltizcd source  aIld  R.istllc
rcdul[daucy duc to indc]jcndcnt  t r ea tmen t  o f  t he  codeword
bits.
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1 I n t r o d u c t i o n

(k) IIsi(l(:I  tll( ]) IO1)l(VI) of COIII1)I(MiIIg  a lll)ifom)ly  (l IMIIt,iZ(d 111) SOIIICC.  A
a])l)Ix)a(l I is  to assigl) valial)lc lf:l Iglll I cod(:lvords”  t(J i,lI(’ qll:IIIl  i7jt’t Olli,])ut

tra(litliolial

S,yllllmls  01”

gl’()[l])s of Sylfllm]s  (Cg., 1111{  1’lflall Coding). 11(’1’(’  v! ’() ])1’()])0s(’ al) alt(’)’llativ(’  Solut!ioll:

assign  a Ji:rd 1(7,{ )1.1/ lIiIIarj  codmvorcl to caclI  OIIL])IIL  syIIIl)Ol  ill suc}I a w a y  tl)at

a  z(w)  i s  11101(”  likely tjl Ial I a olIc  ill Cv(v$y  codewoI”d  I)it  ])c)sitioll. ‘J’llis r(dulI(l alIcy

i s  LII(VI  rxl)loitl(xl using a l)lod<-ada])tiw  I)illary al itllmclic eIIco(lcr  to co]I]l)rcss tlI(’

(Iat,a.  ‘1’llis  I,(dllliqllc i s  si]ll])le, lIas low  ol(vlIead, aIId  C:ITI II(  IIsml a s  a l)rogr(wsive

trallslllissioll sysl(:l[).

2 Encoding Procedure

A  colltiiilto~ls s(J(Irc(’  wit]]  l)rwlmhility dc])sii~’  .f(,r) is qua]liizm] l)] a u]]iforln  qIIaIItizcI

WIIOSC  OIIt I)IIlj syIIIl)ols  arc Inal)})(xl  to L bit U)(I(NVOHIS. ‘1’11(  first (od(word”  I)it  ill(licat(:s

tlI( sign of tjlIf qllallti~jcr ]c(:ollstll]ctic)]l  ]milltl. 1  klI sIIc(cssiYc I)it ,givcs a furllIcr

l(v(’]  of rrsolutjio]l  and is assig]lcd so tlI at z(ros ar( IIwrr ccJII((’lIlltIt(’cl  II(:ar tlI(’ origin.

lJi~llr( 1 illllstrat,cs this lnal)])ing for /) == 4 .

W(: aSSIIIII(:  tlIalj /’(1:)  is syn)ln(:tric  al K)IIt  r = ~ O  aIId  llullil)cl(asill~ wit]]  Irl so tlIdt

tll(~ l)rol)al)ilitly is II]orc  collcc]ltratd nmr t lIc origi II. Sllcll  Solll’(”(:s  al’c IIc)t  lIIICOIIIIIIOII

ill I)raclri(x’. I)(Y:;II]S(> o f  this assllln])t,iol), ilI( co(l(:mord assigllll)(llt (: IIsurcs  ilIat a zcm

w i l l  1)(’ 1))01(” lik(:ly  t,l Ial I a OII(\  ill (w(vy  l)it I)ositio)l.

(k)(l(’words  (:ol’I’(’s])olI(  lill F,” to N  a[ljac(!llt soul (’(’ Sanl])ks  tlI’(’ gl’ollpcd togdllcl’.

‘1’11(’ N sigl} l)itjs of” 1111(’ co(l(:wor(l  S(xlllcllc(:  ar(’ (! IIcod(xl  Ilsillg a l)locl;-tl(lal)til~e I>illaly

aritlllll)(iic (’l Ico(l(:r. ‘I) IICII tlI(J Al II(xt II)ost sigllilical)t I)its aI( (II CO(I(XI)  aIId  s o  011.

lf2iclI I)itl s(s(I(l(:lI(x  i s  (,l}codcd  illclcl)cltclcllt,ly at llIc itlt S( ag(> tll IC aritltlmtic co(l(:r

cst, il]lat,(w tlllc 117/ co7/d7’/io7/d  l)ml)al)iliiy that tlIc 7’111  codewo]d  I)it i s  a 7jcro. ‘J’llis call
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( ) ( )  ( ) ( )  0  [ ) ( ) 0 1 1 1  11~11 sig,n  bit

~1 1 1 1 0 0 0 0 0 0 0 0  1 111

g]
1001 100001 1 0 0 1 1

1 0 1 () 1 () 1 ()() 1 () 1 () 1 () 1 1 ,s13

l“i~;l]r(, 1 :  l’)xaI)I])l(ofa  ~)clf?\Il( lr.cJ(l(\4c)1(lassi  ~l)lll(llt fora f(}lll I)it Ill]if(jrlll  qllalltiz(v.

I)( vi(w((l as a  sillll)l( l)rogrcssiv( tlanslnissic)ll s~st(:n) (!d(”ll  Slllls(’qll(’1)1.  COd(’wol’d

I)il, giv(w a fllrl,ll(:r  1(x(1 o f  ddail about  tlI(,  SOIII(-C.

‘1’11(’ ol)violls” I(WS  i s  tlIatj w(’ 10s(  tll( l)(wcfil -  of illl(ll)it (1(1)(’lI(l(vl(y.  l’;.~.,  ill(

])rol)al)ililj  t,lIat, tlI( s(YOIId  I)it is ti z(I() is IIOt ill g(III(Ial  ill(l(l)(ll(l(llt o f  tll(’valll(of

(lI(s (irst I)it, tlIOIIg; lI 1,11(*  (]l(x)(litlg ]JIOC(YIIII(  a(’ts :IS i f  it w(r(~. IIotv(’v(r, lllis 10ss i s

oft,(~ll sIIIall, aTI(l for II Ial Iy l)radi(:al SOIII(YJS) tllistl((l)l  li(]ll(llz isl~)iv(l l((llill(l<tll(y illall

llIIiI’II)aII  (x)(lillg,  I)(:(:2111s(  1,1](  aritfllll)(ti( c()(I(l  i s  liot r(xl~lit(vl  to ])mdll((’  all ollt])llt

SVI]]I)L)l  f’()] (~v(’ry  illl)lll sy]l]l)ol.

‘l’]l(’itl(](l)(:~l(lollt  tr(ial,n)(:l)t  oft,]l((:c)(](:l~’c)l(l  ])ils ])lo\’i(  ](,ssofll(l)(’ ll(:f its.” A s  w(’11
s(’(, ill tll(’ S(*(tioll  4 ,  t,ll(’ ov(~rl)ca(l  r(x]llil(d  illcl(’ascs lill(’arl~ ill /). l]y COlltl’asi,

l)(xal~s(  1,1)(:  ]IU1))I)(l  o f  c o d e w o r d s  i s  2“, III(: ov(fll(~a(l  o f  l)lo(l<-t~cla])tii~(  IIufl”lndll

(x)[lil]~ iIIcIras(:s (~x})()]l(:]]tially iII 1) UIIICSS  wc Mr :11)1(: to c1(’v(II)’  (’xl)loit  a(l(litio]lal

illforlllallioll”  al)OIIL  t,lI(T SOIIIC(*  [ 2 ] .

Allotl)(lf(:i  tlll(:of” t,llis t(:cl]~]i(]ll(is  tl)atl)(:cal]s (it i s  l)rop,rcssiv(, i t  ])rovid(w  a
sillll)l(~lll(’;lllsof Ilall(llillga ltit(’cc)llstlaillt,: \~(~sill)l)  l}~el]((~(l(tll  (l)lo(:l;sof” N I)itjsulltil

tll( allo(at(Y[  ra(( i s  (:xllallst((l. ‘[’II( (Iistolti(nl i s  autollmti(al]y  r(dII(.(d for “11101(

((jl~ll)l(~ssil)l(~)’ SOIINVS wlI(JII  tllc initial co(lmvor(l I)its  (al I 1)(J (Jlli(:i(’lltlly (v I(x)(l(d,  IV(’
. . . .

al’(’ al)l(~ to S(>ll(]  :Iddlt,lollal (1(:,ss  SIF,lllfl(’:lllt ) I)lts> ho t]l(’ ( ’ 1 1  (”()(l ( ’1”  l’(’S()]Utl()ll  111( ’1 ’(:?lS (’S
. .

;I{ll,olll;lli(;llly.

3 Ari thmet ic  Encoder
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‘I’]l(, av(m~( rat,cofa I)il)a]y .Nitl)lt)cli(” CI)(’od(v foI” all N-1(’llgtll  S(:qll(’llcc  i s

/:-1 1/2
li~,i(,,=-}l(f)jf’’)-i  ‘-  ,1~ (1)

\$’11(’l’(’
//(1’,1”)$  - P10g21’  -  ( 1  -  l’)log2(l  -  /’)

I-cdul)(lmy

l . .

I

P,. I PI P,+ ]

1“

ot~litlillg tll(>l(’lllt~illillg ddails, w(} fill(l Ij]tat  1“01 ]arg(:  AT, to IIlil]ilnizc tl]c ll]axi-

111[1111 r(xllllldall(:y (illcllldillg o v e r h e a d ) ,  t,ll(’ prol)al)ilit.y \’alII(Js  ar(~

aIId  tlI(’ ol)tillla] IIul IIl)cr  of ov(ulI(’ad  l)its is a])proximakly
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